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Abstract. In 1968, N. V. Velic’ko [11] introduced the concepts of &-closed sets, 5-
open sets, 6-closure and d-interior opertors in topological spaces. In [4], the con- cept of
A-closed sets was introduced. In this paper, a-dw-open sets, pre-dw-open sets, semi-
dw-open sets, strongly p-6w-open sets and b-6w-open sets in topological spaces are
introduced and investigated. We introduce new classes of sets by using A-6w-closed sets
in topological spaces and study their basic properties; and their connections with
other types of topological sets. Furthermore, some new decompo- sition theorems are

obtained.

1. Introduction and Preliminaries

By a space X, we always mean a topological space (X,t) with no separation prop- erties
assumed. If HEX, cl(H) and int(H) will, respectively, denote the closure and interior of H
in (X,7).
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Definition 1.1. [10] A subset H of a space X is said to be
(1) regular open if H=int(cl(H)). (2)
regular closed if H=cl(int(H)).

The complement of a regular open set is called regular closed.

Definition 1.2. A subset H of a space X is said to be
(1) a-open [9] if HESIint(cl(int(H))).
(2) preopen [8] if HSint(cl(H)).
(3) semi-open [6] if HScl(int(H)).
(4) B-open [1] if H<cl(int(cl(H))).
(5) b-open [3] if HSint(cl(H))ucl(int(H)).

Definition 1.3. A subset A of a space X is called a A-set if A=A" where A*=N{G: ACG
and Gert} [7].

Definition 1.4. A subset O of a space X is called A-closed [4] if O=LNM, where L

is a A-set and M is closed.
Proposition 1.5. [7] In a space X, every open set is a A-set but not conversely.

A point xeX is called a é-cluster [11] of HEX if HNG=¢ for each regular open set
G containing Xx.
The set of all 5-cluster points of H is called the 5-closure of H and is denoted by cls(H).
A subset H of a space X is called 3-closed if cls(H)=H.
The complement of a 3-closed set is called 5-open.
The collection of all 5-open subsets of X forms a topology t; on X. Indeed tsct. Let A
be a subset of a space X. Then
(1) cls(X = A)=X —int5(A). (2)
ints(X — A)=X — cl;(A).
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Let us say that wSp(X) is a weak structure (briefly WS) on X iff @ew.
Clearly each generalized topology and each minimal structure is a WS [5].

Each member of w is said to be w-open and the complement of a w-open set
is called w-closed.

Let w be a weak structure on X and HEX. We define (as in the general case) i,(H) is the
union of all w-open subsets contained in H and c,(H) is the intersection of all w-closed

sets containing H [5].
Remark 1.6. [2] If w isa WS on X, then i,,(3)=0 and c,,(X)=X.

Theorem 1.7. [5] If w isaWSon X and A,B € w then
(1) iw(A)SACcC,(A),
(2) AcB=i,(A)<iy(B) and c¢,,(A)<=cy(B), (3)
hw(iw(A))=1w(A) and c(Cu(A))=Cu(A),
(4) iw(X = A)=X —cy(A) and ¢, (X — A)=X — iy(A).

Let w be a WS on X and HEX. Then Hea(w) [resp. Heo(w), HER(W), HER(W),
Hebw)] if HSiw(cw(in(H))) [resp.  HScw(in(H)), HSiw(Cw(H)), HECw(iw(cw(H))),
HEiw(cw(H))Ucw(in(H))] [5].

2. Generalized dw-open sets

Definition 2.1. Letw be a weak structure on a space X. A subset G of X is called

(1) pre-6w-open if G < i, (cl5(G)). (2)

semi-dw-open if G € cls(iy(G)). (3) a-

dw-open if G < i, (cls(iw(G)).

(4) strongly B-ow-open if G < cls(iy(cls(G))). (5)

b-dw-open if G < i,(cl5(G)) U cls(in(G)).
The complement of a pre-dw-open (resp. a semi-dw-open, an a-6w-open, a strongly -
ow-open, a b-dw-open) set is called pre-ow-closed (resp. semi-dw-closed, o-6w-

closed, strongly B-ow-closed, b-ow-closed).
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Definition 2.2. For a WS w on a space X and a subset G of X, the intersection of all pre-
dw-closed (resp. semi-éw-closed, a-dw-closed, strongly B-ow-closed, b-dw-closed) sets
containing G is called the pre-dw-closure (resp. semi-6w-closure, a-dw-closure,
strongly B-ow-closure, b-6w-closure) of G and is denoted by pcls, (G) (resp. sclsy(G),
aclsy(G), sPelsw(G), belsy (G)).

Proposition 2.3. Fora WS w on a space X, we have
(1) Every w-open set is a-dw-open.
(2) Every a-6w-open is semi-ow-open. (3)
Every a-dw-open set is pre-w-open.
(4) Every pre-6w-open set is strongly B-ow-open. (5)

Every semi-dw-open set is strongly B-dw-open.

Proof. (1) Let H be a w-open set. Then H=i,,(H). Since HE cls(H), i,,(H)<cls(iw(H)) and
iw(H)Siw(cls(iw(H)))=HC<i,(cls(iw(H))). This shows that H is an a-dw- open set.
(2) Let H be an a-6w-open set. Then HCE iy (cls(i(H)))< cls(i(H)). This shows that
H is a semi-6w-open set.
(3) Let H be an a-6w-open set. Then HCE iy (cls(i(H)))<E iy(cls(H)). This shows that
H is a pre-dw-open set.
(4) Let H be a pre-dw-open set. Then HS i,(cls(H)) and cls(H) < cls(iw(cls(H))).
This shows that H is strongly B-ow-open.
(5) Let H be a semi-ow-open set. Then HC<cls(iy,(H))<Scls(iw(cls(H))). This

shows that H is a strongly B-dw-open.

Remark 2.4. For several subsets defined above, we have the following implications. pre-

dw-open set — strongly B-ow-open set

T T

w-open set — a-dw-0pen set — semi-dw-open set
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The reverse implications are not true.

Example 2.5. Let X={a, b, c, d}, =={®, {a}, {a, b, c}, X} and w={@, {b, c}, {a, c, d}, X}.

Then {a, b, c} is an a-dw-open set but it is not an w-open set.

Example 2.6. Let X={a, b, c, d}, ={0, {d}, {a, c}, {a, c, d}, X} and w={9, {a},
{d}, {a, b, c}, X}. Then {b, d} is a semi-dw-open set but it is not an a-6w-open set.

Example 2.7. In Example 2.6, {c} is a pre-dw-open set but it is not an a-6w-open set.

Example 2.8. In Example 2.6, {b, d} is a strongly B-dw-open set but it is not a

pre-ow-open set.

Example 2.9. In Example 2.6, {c, d} is a strongly B-dw-open set but it is not a

semi-dw-open set.

Remark 2.10. For a WS on a space X and a subset A of X, we have
(1) pelsw(A) = A U cy(ints(A)). (2)
sclsw(A) = A U ints(cy(A)).
(3) oclsy(A) = A U ¢, (ints(cy(A))). (4)
sBelsw(A) = A U ints(cy(ints(A))). (5)
belsy (A)= pclsy (A) N sclsy, (A).

Definition 2.11. Letw be a WS on a space X. A subset A of X is called
(1) a Agy-Setif A=Ay, (A) where Ay (A)=N{G:AcS Gand G € a(w)}.(2) a
Agy-setif A = Ag(A) where Agy(A) =N{G:AcS Gand G € o(w)}. (3) a Ap,-set if
A = Apu(A) where Ap (A) =N{G:ACS Gand G € n(w)}. (4) a Apy-setif A=
Agw(A) where Ag, (A) =N{G:Ac Gand G € B(w)}. (5) aApy-setif A= Ap,(A)
where Ay (A) =N{G: A< Gand G € b(w)}.

Definition 2.12. Letw be a WS on a space X. A subset K of X is called
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(1) aCs,-setif K=L N F, where L is open and F is a pre-dw-closed set in X. (2) a
BCs..-set if K= L N F, where L is open and F is a b-dw-closed set in X. (3) an n;,,-set

if K=L N F, where L is open and F is an a-6w-closed set in X.

Definition 2.13. Letw be a WS on a space X. A subset K of X is called

(1) A-6w-a-closed if K=L N F, where L is a A-set and F is an a-dw-closed set. (2) a
DC;,-set if K=L N F, where L is open and F is a semi-dw-closed set.

(3) a sFCsy-set if K = L N F, where L is open and F is a strongly B-ow-
closed

set.

Lemma 2.14. Letw be a WS on a space X. Then the following statements hold. (1)

Every a-ow-closed set is A-dw-a-closed.

(2) Every A-setis A-dw-a-closed.

Example 2.15. Let X ={a, b, c}, © = {0, X, {a}, {a, b}} and w={@, {a, b}, X}. Then

(1) {a} is A-6w-a-closed but not a-dw-closed. (2)

{c} is A-dw-a-closed but not a A-set.

Lemma 2.16. For a WS w on a space X and a subset A of X, then the following

conditions are equivalent.
(1) A'is A-dw-a-closed.
(2) A=L N acls,(A) where L is a A-set. (3)
A = AN N aclsy(A).
Lemma 2.17. Fora WS w on a space X, the following statements hold. (1)

Every open set is an n,-set.

(2) Every a-6w-closed set is an ngy-Set.

Example 2.18. In Example 2.15,

(1) {c} is an ng,-set but not open.
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(2) {a, b} is an ns,-set but not an a-ow-closed.
Lemma 2.19. Letw be a WS on a space X. Then every ns,-set is A-dw-a-closed.

Proposition 2.20. Letw be a WS on a space X. Then the concepts of

(1) a-open sets and a-dw-open sets are independent.

(2) semi-open sets and semi-dw-open sets are independent. (3)
preopen sets and pre-dw-open sets are independent.

(4) B-open sets and strongly B-ow-open sets are independent. (5)

b-open sets and b-dw-open sets are independent.

Example 2.21. Let X ={a, b, c}, t ={®, X, {b}, {c}, {b, c}} and w={@, {a}, {b, c}}.
Then

(1) {a} is an a-dw-open set but it is not an a-open set. (2)

{b} is an a-open set but it is not an a-dw-open set.

Example 2.22. In Example 2.21,

(1) {a} is a semi-ow-open set but it is not a semi-open set. (2)

{b} is a semi-open set but it is not a semi-dw-open set.

Example 2.23. In Example 2.21,
(1) {a} is a pre-dw-open set but it is not a preopen set. (2)

{b} is a preopen set but it is not a pre-dw-open set.

Example 2.24. In Example 2.21,
(1) {a} is astrongly B-dw-open set but it is not a f-open set. (2)

{b} is a B-open set but it is not a strongly B-ow-open set.

Example 2.25. In Example 2.21,
(1) {a} is a b-ow-open set but it is not a b-open set. (2)

{b} is a b-open set but it is not a b-ow-open set.
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Definition 2.26. Letw be a WS on a space X. A subset A of X is said to be

(1) dw,g-closed if acls,(A) S U whenever A € U and U is open. (2)
dwgs-closed if scls,, (A) € U whenever A € U and U is open. (3) dwgp-
closed if pcls,(A) € U whenever A € U and U is open. (4) dwgsp-
closed if sBclsy(A) € U whenever A € U and U is open. (5) dwgp-

closed if bcls, (A) € U whenever A € U and U is open.

Lemma 2.27. Letw be a WS on a space X. A subset A € X is dw,,-Closed if and only if
oclsy(A) € AN,

Theorem 2.28. For a WS w on a space X and a subset A of X, the following
conditions are equivalent.

(1) Ais a-dw-closed.

(2) A'is dwyg-closed and an ny,-set.

(3) Alis dw,e-closed and A-dw-a-closed.

Proof. (1) = (2) and (2) = (3) : Obvious.
(3) = (1) : Since A is dw,g-closed, by Lemma 2.27, acl;(A) S A™. Since A is
A-dw-a-closed, by Lemma 2.16, A = A* N acls,(A) = acls, (A). Hence A is a-6w- closed.

Remark 2.29. The following example shows that the concepts of dw,,-closed sets

and n;,,-sets are independent of each other.

Example 2.30. (1) In Example 2.15, {a} is an ng,-set but not dw,,-closed. (2) In

Example 2.15, {a, c} is dw,,-closed but not an ng,-set.

Remark 2.31. The following example shows that the concepts of dw,,-closed sets

and A-dw-a-closed sets are independent of each other.

Example 2.32. (1) In Example 2.15, {a} is A-6w-a-closed but not dw,.-closed. (2) In

Example 2.15, {a, c} is dw,,-closed but not A-dw-a-closed.
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Definition 2.33. Letw be a WS on a space X. A subset K of X is called

(1) A-ow-semi-closed if K=L N F, where L is a A-set and F is semi-dw-closed. (2) A-
odw-pre-closed if K =L N F, where L is a A-set and F is pre-dw-closed

(3) A-ow-B-closed if K=L N F, where L is a A-set and F is strongly p-6w-closed. (4)
A-dw-b-closed if K =L N F, where L is a A-set and F is b-dw-closed.

Lemma 2.34. Letw be a WS on a space X. A subset A € X is
(1) Swgs-closed if and only if scls, (A) S A%, (2)
dwgp-closed if and only if pcls,(A) € A% (3)

Swgsp-closed if and only if sBels, (A) S A% (4)
dwgp-closed if and only if bels, (A) € A%,

Corollary 2.35. For a WS w on a space X and a subset A of X, the following
conditions are equivalent.
(1) (i) Aissemi-dw-closed.
(i) A'is dwgs-closed and a DCj,-set.
(iif) Ais dwgs-closed and A-6w-semi-closed.
(2) (i) Aispre-ow-closed.
(i) A'is dwgp-closed and a Cy,,-set.
(iii) Ais dwgp-closed and A-6w-pre-closed.
(3) (i) Aisstrongly B-6w-closed.
(i) A'is dwgsp-closed and a sSFCyy,-set. (iii)
A is dwygp-closed and A-6w-B-closed.
(4) (i) Aisb-ow-closed.
(i) A'is dwgy-closed and a BCs,,-set. (iii)

A is dwyy-closed and A-dw-b-closed.
Proof. The proof is similar to that of Lemma 2.16 and Theorem 2.28.

Remark 2.36. The following examples show that the concepts of
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(1) dwgs-closed sets and DC;,,-sets are independent of each other.

(2) dwgs-closed sets and A-dw-semi-closed sets are independent of ech other. (3)
dwgp-closed sets and Cs,,-sets are independent of each other.

(4) dwgp-closed sets and A-6w-pre-closed sets are independent of each other. (5)
dwgsp-closed sets and sFCy,,-sets are independent of each other.

(6) dwgsp-closed sets and A-ow-B-closed sets are independent of each other. (7)
dwgp-closed sets and BC;,,-sets are independent of each other.

(8) dwgp-Closed sets and A-dw-b-closed sets are independent of each other.

Example 2.37. (1) In Example 2.15, {a} is a DCs,-set but not dwg-closed. (2) In

Example 2.15, {a, c} is dwg-closed but not a DCs,-set.

Example 2.38. (1) In Example 2.15, {a} is A-6w-semi-closed but not dws-closed. (2)

In Example 2.15, {a, c} is dwys-Closed but not A-dw-semi-closed.

Example 2.39. Let X={a, b, c}, =={0, {b}, {c}, {b, c}, X} and w={@, {a}, {b, c},
X}. Then

(1) {b} is a Cg,-set but not dwg,-closed.
(2) {a, b} is dwgy-closed but not a Cs,,-set.

Example 2.40. (1) In Example 2.39, {b} is A-dw-pre-closed but not dwg,-closed. (2)

In Example 2.39, {a, b} is dwg,-closed but not A-dw-pre-closed.

Example 2.41. (1) In Example 2.39, {b} is a sFCs,-set but not dwys,-closed. (2) In
Example 2.39, {a, b} is dwgys,-closed but not a sSFC,,-set.

Example 2.42. (1) In Example 2.39, {b} is A-dw-B-closed but not dwyg,-closed. (2) In
Example 2.39, {a, b} is dwyg,-closed but not A-dw-B-closed.

Example 2.43. (1) In Example 2.39, {b} is a BCj;,-set but not dwg,-closed. (2) In
Example 2.39, {a, b} is dwg,-closed but not a BC;,,-set.

Example 2.44. (1) In Example 2.39, {b} is A-dw-b-closed but not dwg,-closed.
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(2) In Example 2.39, {a, b} is dwgp-closed but not A-w-b-closed.

Definition 2.45. Letw be a WS on a space X. A subset A of X is called

(1) A-ow-ag*-closed if A =L N F, where L is a A,,-Set and F is 6-closed. (2) A-
dw-sg*-closed if A= L N F, where L is a Ay,-set and F is 5-closed. (3) A-ow-
pg*-closed if A=L N F, where L is a Apy-set and F is 5-closed. (4) A-ow-Pg*-
closed if A=L N F, where L is a Ag,-set and F is 6-closed. (5) A-6w-bg*-closed
if A=L N F,where L isa Ap,-set and F is 6-closed.

Definition 2.46. Letw be a WS on a space X. A subset A of X is called

(1) an éw-alc-set if A=L N F where Lea(w) and F is dw-closed. (2)

an ow-slc-set if A =L N F where Les(w) and F is dw-closed.

Lemma 2.47. Every A,-set (resp. Agy-set, Apy-set, Ap,-Set, Apy-set) is A-dw-ag*- closed
(resp. A-dw-sg*-closed, A-dw-pg*-closed, A-ow-Bg*-closed, A-6w-bg*-closed).

Example 2.48. In Example 2.39, {c} is A-dw-ag*-closed but not a A,-set.
Example 2.49. In Example 2.39, {b} is A-ow-sg*-closed but not Ag,-set.

Example 2.50. Let X ={a, b, c}, =={0, X, {b}, {c}, {b, c}} and w={®, X, {b},
{b, c}}. Then {a} is A-dw-pg*-closed but not a Ap,-set.

Example 2.51. In Example 2.50, {c} is A-dw-Bg*-closed but not Ag,-set.
Example 2.52. In Example 2.50, {a} is A-6w-bg*-closed but not Ay,-set.

Lemma 2.53. For a WS w on a space X and a subset A of X, the following conditions are
equivalent.

(1) Ais A-ow-ag*-closed.

(2) A=L Ncls(A) where L is a Ayy-set. (3)

A = Ay (A) N cls(A).
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